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Abstract

The dielectric dispersion of porous media saturated with water and oil is described by the Havriliak–

Negami curve in the frequency range 10 kHz – 50 MHz with characteristic values of polarization

parameters. Laboratory data show the relationship between porosity and polarization parameters. This

relationship allows us to determine porosity of water-and-oil saturated formation under downhole

conditions, using borehole dielectric logging methods. In this study, a possibility of using borehole

electromagnetic (EM) inductive measurements for determining dispersion of complex dielectric permit-

tivity of the formation, including the invaded zone was investigated. The influence of the inductive

measurement error when finding formation porosity when determining polarization parameters of the

frequency dependence of complex dielectric permittivity (the Havriliak–Negami spectrum) was studied.

For this study, a vertically oriented coil is placed in the well (along the borehole wall), creating a

harmonic electromagnetic field. Several receivers that are aligned with the borehole axis measure this

harmonic electromagnetic field. By using the magnetic field values on the well axis, we solve the inverse

problem of determining complex dielectric permittivity of the formation, taking into account the invaded

zone. Dielectric permittivity of the formation is calculated at different frequencies and is then used to

restore the frequency dispersion curve, which enables us to find polarization parameters for the Havriliak-

Negami polarization curve, taking into account the measurement error. Subsequently, these parameters

can be used to find formation porosity. The proposed method of finding porosity uses inductive logging

technology and is an alternative to the method based on the mixing formulae.

Introduction

One of the key problems of borehole logging is finding porosity. For example, there is a borehole method

of finding porosity using inductive logging, based on the Archie formula (Karpov et al., 2014; Makarov

et al., 2012; Eltsov et al., 2011; Makarov et al., 2010; Gladkikh et al., 2009; Makarov et al., 2009; Antonov

et al., 2009; Eltsov et al., 2009; Makarov et al., 2008). The main issues with this method are primarily due

to the Archie formula itself. Another example is the method based on the mixing formulae. It originated

back in the times of Maxwell. The basis for the method is the statement regarding the relationship between

complex dielectric permittivity of the dielectric composite material and complex dielectric permittivity of



homogeneous infinite sub-systems. As this method is fairly popular (e.g., see (Seleznev et al., 2004)), let us

briefly summarized the issues with it. Often, the CRIM formula is identified (Seleznev et al., 2004). It should

be noted that the Brueggemann formula (Seleznev et al., 2004; Bruggeman, 1935) provides a result that is just

as good. It should be noted that the physics behind the mixing formulae is the Maxwell-Wagner polarization

due to migrant currents in the volumes of the sub-systems under study. It is not obvious that this polarization

mechanism occurs in water-saturated porous rocks within a wide enough frequency range of the electromag-

netic field. If we substitute complex dielectric permittivities of homogeneous sub-systems to the CRIM

formula, it will be easy to see that the Havriliak-Negami polarization, while holding true for water-saturated

systems (Levitskaya, 1984; Levitskaya et al., 1984; Levitskaya et al., 1990; Levitskaya et al., 1996), does not

hold true here. Furthermore, the spectrum of complex dielectric permittivity generated by the CRIM formula

in the low-frequency domain has a singularity. There are five unknown parameters in the two-component

system, but we can only measure two of them at a fixed frequency. The unknowns are: bulk fraction of

components, real parts of dielectric permittivity of the sub-systems, and conductance of the sub-systems with

respect to direct current. The last two values cannot be found in a handbook. Only the real and imaginary parts

of complex dielectric permittivity of the dielectric composite material can be measured at a fixed frequency.

It would be possible to use other frequencies if the CRIM formula generated the Havriliak-Negami spectrum,

but it does not.

In (Eltsov, 2014), a novel method of finding formation porosity for rocks saturated with water and oil

was proposed. According to laboratory data (Levitskaya, 1984; Levitskaya et al., 1984; Levitskaya et al.,

1990; Levitskaya et al., 1996), the frequency dependence of complex dielectric permittivity of the rock

formation saturated with a mixture of water and oil is described by the Havriliak-Negami curve:

(1)

where � is complex dielectric permittivity, �
�

is permittivity in the high-frequency limit, �� is the degree

of polarization, � is the relaxation time, � and � are polarization parameters. In (Eltsov, 2014), it is shown that

one can find formation porosity and water-oil ratio if the spectrum of complex dielectric permittivity is known,

i.e., if the polarization parameters are known. The procedure is as follows. Polarization parameters (�, �)

determine v (Chelidze, 1977) in accordance with the formula deduced from (1):

(2)

After that, porosity � is found in accordance with the formula � � 1 � 4(arctv)/�, while oil saturation

is determined by � � 1 � �/�. It should be noted that this parameter will be the same for the same sample

at different water and oil ratios in the pores. The proposed procedure of finding porosity is verified using

a series of additional laboratory experiments (Eltsov, 2014). Fig.1 shows the spectrum for sandstone with

porosity of 14.1%, saturated with a solution of table salt, saline concentration 15 g/L (Levitskaya et al.,

1990).
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As it follows from the Cole-Cole polarization dependence that holds true for water-saturated media (the

Havriliak-Negami polarization � � 1), every set of three measurements of the spectrum of complex

dielectric permittivity corresponding to different frequencies of the electromagnetic field can be matched

to corresponding polarization parameters. Obviously, each measurement in Levitskaya’s data reported in

(Levitskaya et al., 1990) contains some random error, therefore every set of three measurements

corresponding to different frequencies correspond to their respective polarization parameters. A bar graph

for the parameter � illustrating this (when there is no oil in the pores, � corresponds to the value of

porosity) is shown in Fig. 2. It should be noted that the maximal distribution value of corresponds to the

value of porosity, whereas the difference between the maximal value of porosity corresponding to

measured dielectric permittivity in a capacitor connected in a semi-stationary circuit and that of the direct

laboratory measurement of porosity is less than 1%.

Figure 1—The spectrum of complex dielectric permittivity for sandstone (14.1% porosity) saturated with water (blue curve) and a

mixture of water and oil (red curve) with the oil content of 7.6% of pore volume (Levitskaya et al., 1990)
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Borehole measurements of porosity by a borehole inductive logging tool have their own type of error.

It appears beneficial to study the ratio between the maximal value in the bar graph of polarization

parameters based on complex dielectric permittivity values obtained via borehole inductive logging on

one hand, and a known value of formation porosity obtained via core analysis in the lab. As one can see

from Fig.1, we have excellent agreement between the maximal value of polarization parameter distribu-

tion and the exact value of porosity obtained in the lab; this may prove to become the basis for a

high-precision method of finding porosity downhole using borehole inductive logging.

Forward Problem

Inductive logging is used for finding dielectric permittivity under downhole conditions (Antonov, 1979).

The complex value of dielectric permittivity is found from the attenuation of the plane component of the

magnetic field and the corresponding attenuation of the phase difference.

A point-like magnetic dipole M � (0, 0, Mz) is placed at the borehole axis. It excites the electromag-

netic field which is harmonic in time and propagates in the borehole and in the rock saturated with water

and oil, surrounding the borehole. The magnetic field harmonic in time is measured by means of several

receivers spaced at a certain distance between each other and from the source. The medium is considered

non-magnetic. The value of the magnetic field is used in calculation of for the formation, in accordance

with the Maxwell-Fourier equations representing time dependence:

(3)

We are considering the frequency domain of the electromagnetic field, where the input into the

imaginary part of complex dielectric permittivity with respect to direct current may be neglected.

Let us consider an axially symmetrical model of a borehole with discrete identification of the invaded

zone via dielectric permittivity: borehole radius is R1, invaded zone radius is R2; k1, k2, k3 are values of

k corresponding to mud, invaded zone, and formation, respectively (Fig. 3).

Figure 2—The bar graph of porosity distribution based on the spectrum of complex dielectric permittivity for water-saturated sandstone

with 14.1% porosity (blue), [14]
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The expression for the magnetic field Hz on the borehole axis as in, for example, (Chelidze et al., 1977):

(4)

The Fourier transform of (4) with respect to the longitudinal coordinate z can be presented as the

following formula:

(5)

where 	 is the Euler constant, r is the distance to the borehole axis, �1 can be expressed via model

parameters:

(6)

(7)

(8)

Figure 3—The borehole model
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(9)

Let us find the asymptotic expansion of the field on the borehole axis, and to this end, let us expand

the Fourier image of the magnetic field into a series with respect to the powers of the small parameter

. Below, see the expansion of magnetic the field taking into account the term of the first degree

of smallness :

(10)

The next term of the expansion has the following form:

(11)

The inverse Fourier transform of (10) and (11) yield the asymptotic field Hz taking into account the

terms of the first degree of smallness:

(12)

The next term of the expansion has the following form:

(13)

The total field taking into account the terms of the first and second degrees of smallness has the

following form:

(14)

Inverse Problem

Two schemes of solving the inverse problem are considered with respect to finding k3 of the formation

under study. The first scheme corresponds to the two-coil measurement circuit (Fig. 4).
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To find the wave number k3, this scheme uses the expression for the asymptotic fields on the borehole

axis (14). This expression contains a product of the parameters of the invaded zone and the borehole

parameters. If the magnetic field measured by one receiver is divided by that measured by the other

receiver, the inputs of the invaded zone and borehole are eliminated and the resulting expression depends

only on the formation parameters (15).

(15)

where magnetic fields H1, H2 denote the longitudinal magnetic field in the neighborhood of Receiver

1 and Receiver 2.

Equation (15) has several roots which cannot be expressed in elementary functions. To find k3,

equation (15) was solved numerically, and the criteria of root selection were as follows:

(16)

The need to have a three-coil circuit for measurements (see Fig. 4) is conditioned by the fact that the

small parameter used increases with frequency:

(17)

In the MHz domain, with typical values of dielectric permittivity of the invaded zone, the accuracy of

asymptotic expansion taking into account the terms of the second degree of smallness, drastically drops,

and therefore, so does the accuracy of the two-coil circuit.

The following text discusses a problem of finding formation parameters based on measurements of the

longitudinal magnetic field at the borehole axis with a higher accuracy than the two-coil circuit would

provide. Let us consider the borehole radius R1, mud parameters, and therefore, parameter k1 known. The

complex formation parameter k3 and its value in the invaded zone k2, as well as the invaded zone radius,

remain unknown (5 values total). Therefore, for the inversion in the model under study to be accurate, we

need to measure the magnetic field in three points. Taking into account the real and imaginary parts of

the field, we arrive at six equations, which are sufficient for finding five unknowns.

Figure 4—The two-coil measurement circuit. H1, H2, are results of measuring the magnetic field with coils located in points z1, z2
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The following algorithm was used for inversion:

1. Find the first approximation k3 from the asymptotic ratio for the second and third coils using

equation (15).

2. Using the asymptotic equation (14) for the first coil, find the approximated dependence k2(R2).

(18)

3. Substituting the approximated dependence k2(R2) (18) into the exact expression (4) for the third
coil, we arrive at an equation for R2, which can be solved numerically.

(19)

As a result, we find approximated values of k2 and R2.
4. The approximated values of k2, k3 and R2 found are used as initial approximations for the

multi-dimensional optimization:

(20)

where Hz(z) is the exact expression for the magnetic field at the borehole axis (4).

Numerical experiment

A model of a probe is considered in the 100 kHz to 30 MHz frequency range. The distance between the

receivers and the source of the harmonic electromagnetic signal varies from 4 m (for 100 kHz) to 0.5 m

(for 30 MHz).

Figure 5—The diagram of formation parameter measurements. H1, H2, H3 are the results of measurement of the longitudinal magnetic

field using the coils located in points z1, z2, z3 at the axis of symmetry
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When processing the signals and finding the measurement error, it was assumed that the ratio between

the amplitudes of the signal in the borehole and in air in the same point of space, for the same source,

satisfies the following condition:

(21)

Here, Att denotes attenuation and Ph denotes the phase shift during signal attenuation. As a result, we

have a known amplitude ratio for two fields related to two different points in space (z1,z2)

Formula (21) is convenient when one needs to introduce the accuracy of measuring the amplitude of

the received signal. When recovering the values of complex dielectric permittivity, the measurement error

(the measured signal) was modeled by adding random noise:

(22)

where Attm and Phm are �measured signals,� N1 and N2 are two independent random numbers from the

normal distribution with the mathematical expectation of 0 and the standard deviation of 1. Here, Att, Ph

correspond to the fields calculated for the exact value of complex dielectric permittivity corresponding to

the Havriliak-Negami polarization. When introducing an error to the field amplitudes, we determine

polarization parameters with an error characteristic of the inductive measurement procedure and borehole

accuracy of field readings. The values of the measurement errors 
Att and 
Ph were 1.0% of the value of

the signal (23):

(23)

Figure 6—The distance between the receivers and the source of the electromagnetic signal as function of frequency. At frequencies

under 7 MHz, the two-coil measurement circuit was used and at frequencies over 7 MHz, the three-coil measurement circuit
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In such an error model, the accuracy of dielectric permittivity measurement depends on frequency. Let

us find this dependence for the two-coil measurement circuit. To this end, let us express equation (15) via

the phase difference and attenuation:

(24)

Let us calculate the logarithmic differential of the left- and right-hand sides of the equation (24).

(25)

where 
Att1, 
Ph1 are errors of phase difference and attenuation in the first coil, 
Att2, 
Ph2 are errors

of phase difference and attenuation in the second coil.

Substituting expression (3) linking the wave number with dielectric permittivity into (25), we obtain

the error of measuring dielectric permittivity expressed via the errors of phase difference and attenuation.

(26)

Assuming the measurement errors are statistically independent and the standard deviations are the same

in the first and second coil, we can use equation (26) to express the accuracy of measuring the real and

imaginary parts of dielectric permittivity (27):

(27)

Dielectric permittivity of rock samples saturated with a mixture of oil and water was measured in the

laboratory using the impedance method (Table 1). These data were used as dielectric permittivity of the

formation, together with corresponding Havriliak-Negami polarization parameters.

Borehole parameters in the model: the radius is 0.1 m, the borehole is filled with OBM (Patil et al,

2010) (dielectric permittivity of mud �b was considered equal 10—i0.18). Parameters of the invaded zone

(skeleton type, porosity) were considered to be the same as those of the formation under study, but for

Table 1—Laboratory samples: porosity listed was measured in the laboratory by mechanical removal of fluid out of samples

Sample No. Rock type Porosity Oil Saturation

5-02 sandstone 22.9% 0% 10% 20% 30% 40% 50%

15-02 sandstone 15.5% 0% 10% 20% 30% 40% 50%

53-02 sandstone 18% 0% 10% 20% 30% 40% 50%

64-02 sandstone 21% 0% 10% 20% 30% 40% 50%

107-02 sandstone 10.3% 0% 10% 20% 30% 40% 50%

333-94 carbonate 18.65% 0% 10% 20% 30% 40% 50%

334 carbonate 18.96 0% 10% 20% 30% 40% 50%

339 carbonate 20.5 0% 10% 20% 30% 40% 50%

344-94 carbonate 21.8 0% 10% 20% 30% 40% 50%

3617 carbonate 9.8 0% 10% 20% 30% 40% 50%
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different ratios of oil and water. Oil saturation of the invaded zone was set to 50%, whereas it was 30%

of the pore volume in the formation under study. The radius of the invaded zone was set to 0.4 m.

A series of numerical experiments was performed to study the accuracy of finding the dispersion curve,

polarization parameters, porosity, and oil saturation. As an example, let us consider a sandstone sample

with the following parameters: porosity � 18%, oil saturation � 30%, �
�

� 11.2, �� � 369, t � 1.2

M�C, � � 0.13, � � 0.83. The dispersion curves of the sample were recovered from the data with

artificial noise added, taking into account the invaded zone (Fig. 7). The dispersion curves were recovered

from �measured data� Attm and Phm. The squared inverse value of the measurement accuracy of dielectric

permittivity with the two-coil circuit (27) served as weight functions GRe, GIm:

(28)

As one can see, the accuracy of dispersion curve recovery in the MHz domain is better than in the kHz

domain, the reason being low accuracy of measuring the magnetic field anomaly in the kHz domain, due

to insufficient spacing between the receivers and the source for this frequency range. Porosity values for

this sample were calculated based on the dispersion curve data with artificial noise added. Approximately

100 numerical experiments were performed (100 realizations of artificial noise when modeling borehole

measurements); each realization corresponds to one computed value of porosity. As a result of this series

of numerical experiments, porosity distributions were obtained as shown in Fig. 8 for Sample No. 53. For

the sample presented, the standard deviation (statistical error) for porosity was 20.0%. It should be noted

that the maximum of porosity distribution is 16%, while true porosity is 18%. In this case, the

measurement error is 11%.

Figure 7—Porosity distribution for Sample No. 53, recovered from the data with artificial noise added. Red lines correspond to the exact

values

Figure 8—The spectrum of dielectric permittivity and porosity distribution for Sample No. 53, recovered from the data with artificial

noise added. Red lines correspond to the exact values
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Fig. 9 shows a bar graph for Sample No. 64, sandstone, oil saturation 30% of pore space with porosity

measured in the lab being 21%. The maximum of the bar graph is 21%. The error is less than 1%. It should

be noted that for this sample, the relaxation time for the polarization process is 1.2 �s, whereas the

relaxation time for Sample No. 64 is 0.31 �s. The recovery error for the polarization curve appears to drop

in the low-frequency domain, as one can observe from Fig. 10.

Fig. 11 demonstrates the �interim� sample with the relaxation time of 0.85 �s (Sample No. 333).

Porosity measured in the lab is 18.6%, the maximum of the porosity distribution is 19%. Fig. 12

demonstrates dielectric spectra recovered for this sample. Thus, with a decrease of characteristic relax-

ation times in the Havriliak-Negami polarization, the accuracy of finding porosity from the maximum of

its distribution curves improves drastically. The samples shown (No. 333, No.54, No.63) were saturated

Figure 9—Porosity distribution for Sample No. 64, recovered from the data with artificial noise added. Red lines correspond to the exact

values

Figure 10—Recovered spectra of dielectric permittivity for Sample No. 64 for different versions of artificial noise

Figure 11—Porosity distribution for Sample No. 333, recovered from the data with artificial noise added. Red lines correspond to the

exact values
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with distilled water. To improve the accuracy of porosity measurements, it is important to work with

sample whose relaxation time is small. Fig. 13 shows the relaxation time as function of salinity for each

value of porosity (Levitskaya, 1996).

It should be noted that even for porosity of 2.9%, the error of finding porosity via inductive borehole

measurements is less than 1%.

Conclusion

The present paper describes a new method of inductive borehole measurement of formation porosity, for

the formation saturated with water and oil. Two known methods of inductive borehole measurement of

porosity are mentioned. The weaknesses of these methods are described. The key advantages of the new

method of measuring porosity are described, it being free from the issues typical of the two inductive

borehole methods mentioned above.

1. Advantages of the new method include:

a. There is no need to know dielectric permittivities of the sub-systems constituting the dielectric

composite material;

b. There is no need to know salinity of the saturating fluid in the pores;

c. There is no need to know specific mixing formulae corresponding to lithology under study;

d. There is no need to use the Archie formula.

2. Laboratory measurements of polarization parameters of the Havriliak-Negami spectrum of com-

plex dielectric permittivity enable us to find porosity of a rock sample saturated with water and oil,

with its characteristic measurement error. The polarization parameter distribution curve has a

Figure 12—Recovered spectra of dielectric permittivity for Sample No. 333 for different versions of artificial noise

Figure 13—The relaxation time curves at different values of porosity in the Havriliak-Negami polarization for dolomites (Levitskaya,

1984) (a) and sandstones (Levitskaya, 1990) (b)
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maximum. This maximum determines sample porosity with no ambiguity.

3. The inductive electromagnetic borehole measurement of the spectrum of complex dielectric

permittivity has its own characteristic measurement error as well. The polarization parameter

distribution spectrum has a maximum. This maximum determines formation porosity.

4. The difference between the maximum of the polarization parameter (from the spectrum of values

conditioned by the measurement error) and formation porosity decreases with the increase of the

characteristic relaxation time for the dielectric polarization of the medium saturated with a mixture

of water and oil.

5. For real rocks in the field, with salinity of the saturating fluid being 30 g/L, the measurement error

for porosity when using the method proposed in the present paper does not exceed 1% if the

amplitudes of the magnetic fields are measured with inductive borehole tools with the accuracy of

1%.

Nomenclature

� � polarization parameter of Havriliak-Negami curve,

� � polarization parameter of Havriliak-Negami curve,

�1 � function used in the calculation of the magnetic field on the axis of the well, depends on

the model parameters,

	 � Euler-Mascheroni constant, � 0.577,

�� � polarization level,


Att � attenuation measurement error of electromagnetic waves in a borehole, dB,


Ph � phase difference measurement error of electromagnetic waves in a borehole, °,


Atti � attenuation measurement error on ith receiver, dB,


Ph � phase difference measurement error on ith receiver, °,


� � permittivity measurement error,

� � complex permittivity,

�0 � permittivity of free space, �8.854·10-12F/m,

�b � permittivity mud,

�= � real part of per� complex permittivity,

�� � imaginary part of complex permittivity,

�
�

� the permittivity at the high frequency limit,

� � oil suturation, %,

v � parameter the sample (unchanged at different ratios of water and oil in the pores),

� � mathematical constant � � 3.1415,

�0 � permeability of free space, 4�·10-7 H/m,

� � the characteristic relaxation time, s,

� � porosity, %,

� � the angular frequency, rad/s,

Att � attenuation of electromagnetic waves in a borehole, dB,

Atti � attenuation on ith receiver, dB,

Attm � attenuation with added measurement error, dB,

d � coefficient used in calculating an absolute measurement accuracy of the formation per-

mittivity,

di � coefficient used in calculating a relative measurement accuracy of the formation permit-

tivity,

E � electric field, V/m,

GRe � the residual weight function of the real part of the dielectric constant,

14 SPE-176603-MS



GIm � the residual weight function of the imaginary part of the dielectric constant,

H � magnetizing field, A/m,

Hz � magnetizing field on borehole axis, A/M,

Hi � magnetizing field in ith receiver,

� magnetizing field Fourier transform on Z axis, A,

(Hz)1 � the first term of the asymptotic expansion of the magnetizing field, A/m,

(Hz)2 � the second term of the asymptotic expansion of the magnetizing field, A/m,

� the first order term in the expansion of the Fourier transform of the magnetizing field, A,

� the second order term in the expansion of the Fourier transform of the magnetizing field,

A,

Ii � modified Bessel function of the first kind,

i � imaginary unit, ,

Ki � modified Bessel function of the second kind,

k � wavenumber, m-1,

k1 � wavenumber for mud, m-1,

k2 � wavenumber for invasion zone, m-1,

k3 � wavenumber for formation, m-1,

kz � variable of Fourier transform on Z axis, m-1,

M � magnetic moment, A·m2,

Mz � component of the magnetic moment, A·m2,

Ni � a random number from normal distribution with standard deviation 1 and the mathematical

expectation 0,

Ph � phase difference of the electromagnetic wave in the borehole, °,

Phi � phase difference of the electromagnetic wave on ith receiver, °,

Phm � phase difference with added measurement error, °,

R1 � well radius, m,

R2 � invasion zone radius, m,

r � the distance from the axis of the borehole, m,

z � the height of the observation point to the transmitter, m,

zi � coordinate of ith receiver.
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